The dynamics of a rotationally symmetric viscous gas ring around a Kerr black hole is calculated in the thin-disk approximation. An evolution equation for the surface density &(t, r) is derived, which is the relativistic extension of a classical equation obtained by R.
INTRODUCTION
Accretion is a common source of energy for a large class of astrophysical objects such as cataclysmic variables (CVs), low-mass X-ray binaries, X-ray pulsars, and even the nuclei of active galaxies (AGNs). Observations indicate that in most cases matter is accreted through a disk around a central mass which is either a white dwarf star, a neutron star, or, in the AGN case, a supermassive black hole. Accretion disks have been studied in much detail for stellar mass central objects (Shakura & Sunyaev 1973 ; Papaloizou, Faulkner, & Lin 1983 ; Meyer & Meyer-Hofmeister 1984) . As a result, a standard disk model has been established which is a stationary, rotationally symmetric, geometrically thin gas Ñow moving essentially on Keplerian orbits around the central star (see Frank, King, & Raine 1992) . Novikov & Thorne (1973) have then extended this thin-disk model to relativistic Ñows around rotating black holes. Since that time relativistic stationary disk models have been reÐned and extended by a number of authors in order to model the observable properties of AGNs (for example, Czerny & Elvis 1987 ; Lasota 1994 ; Abramowicz et Do rrer al. 1996 ; Narayan, Kato, & Honma 1997 ; Peitz & Appl 1997 ; Beloborodov 1998) .
The time-dependent behavior of accretion disks is usually explored by numerical simulations (Hirose & Osaki 1991 ; Meglicki, Wickramasinghe, & Bicknell 1993 ; Maddison, Murray, & Monaghan 1996 ; Armitage 1998) . However, already in 1952 presented an analytical solution for a Lu st thin-disk model problem. Based on the nonrelativistic hydrodynamic equations for a rotationally symmetric Ñow in the gravitational Ðeld of a point mass, he derived a linear partial di †erential equation of parabolic type for the surface density &. For this equation a GreenÏs function can be obtained explicitly, and the solution describes the time evolution of a thin gas ring under the action of gravity and viscous torques. In the inner parts of the Ñow, mass is moving toward the center, whereas in the outer parts angular momentum is transferred to inÐnity by a small outÑow of matter. More recently this solution has been reconsidered by Pringle (1981) and Frank et al. (1992) .
In this paper we will extend the above results to the case of a gas Ñow around a Kerr black hole. An essential di †er-ence to the nonrelativistic case is the existence of a last (semi-)stable circular orbit at As a consequence, one r \ r c . has to distinguish two di †erent Ñow regions together with an appropriate matching condition. A dynamical equation for the gas density in the Ñow will be derived, and it turns out that is a singular point in this equation. A detailed r c investigation of the nature of this point is a central part of this paper.
Starting from the basic equations of a viscous Ñow in a Kerr spacetime, we proceed using a perturbation approach. For a thin viscous disk, one can deÐne two small parameters. First, the proper height h of the disk is much smaller than the radial length scale, and second, the dynamical timescale of a circular orbit is assumed to be much t dyn smaller than the viscous timescale of the radial inÑow. t visc A nonrelativistic order-of-magnitude estimate leads to
Here M is the mass of the black hole, r denotes the radial coordinate, l is the kinematic viscosity, and is V Õ \ JGM/r the Kepler velocity around the central object. The thin-disk approximation has been presented in detail for the case of stationary relativistic disks by Novikov & Thorne (1973) , and the time-dependent case can be treated in a completely analogous way. We will, therefore, take the corresponding results from those investigations and focus on the consequences of the low-viscosity assumption.
The basic equations will be presented in°2. Section 3 describes the Ñow properties in the equatorial plane of the black hole. The density evolution is investigated in detail for di †erent radial domains in°°4, 5, and 6. Numerical results are given in°7.
BASIC EQUATIONS
The disk is located in the equatorial plane of a rotating black hole with mass M and speciÐc angular momentum a
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Vol. 529 with 0 ¹ a ¹ M (for the rest of the paper, we use geometric units G \ c \ 1). The mass in the Ñow is assumed to be small compared to M, thus the Kerr metric (see Misner, Thorne, & Wheeler 1973) can be applied to the entire system. We use cylindrical coordinates (t, /, r, z) and obtain the metric by a transformation from the well-known Boyer-Lindquist coordinates. This metric is required only close to the equatorial plane z \ 0, and a corresponding expansion is given by Ri †ert & Herold (1995) . The Ñow dynamics follows from the divergence of the energy-momentum tensor T ab and the equation of continuity (2) where v and p denote the internal energy density and the pressure, respectively. Note that both Sab and qa are orthogonal to the 4-velocity
In order to complete the disk equations, we have to specify the viscous tensor Sab in terms of velocity gradients and the viscosity. A corresponding relativistic expression has been given by Landau & Lifschitz (1991) . Ignoring the bulk viscosity terms, we get
with the (trace free) shear tensor
Here Pab \ UaUb ] gab is a projection tensor orthogonal to Ua, and the viscosity is assumed to be a function of the radius, i.e., l \ l(r). The disk structure is assumed to be rotationally symmetric (L/L/ \ 0), and the rest-mass density dominates over the pressure, the energy density, and the shear stresses. The thin-disk approximation leads to a number of additional simpliÐcations. First of all, the radial disk structure is no longer coupled explicitly to the vertical structure, thus we can restrict our attention to the momentum balance in the disk plane and the continuity equation. The only function in these disk equations that shows a strong dependence on the vertical direction is the density o. Therefore it is useful to introduce the surface density &,
and we can replace o with & in the dynamic equations (1), (4) by integrating over the disk height. An explicit calculation leads to
where we have used notation (Ut, UÕ, Ur, Uz), etc., for the various components in the coordinate basis. These are our basic equations for the subsequent investigation of the Ñow dynamics around the black hole.
THE FLOW IN THE DISK PLANE
We consider the above equations of gasdynamics (6) and (7) on the space domain i.e., between the horizon [r H , O), and inÐnity, for t [ 0, and with
Of course, the general initial value problem (6), (7), (8) describes a large class of Ñows, not just accretion disks. In order to construct a solution that corresponds to a gas Ñow moving essentially on Keplerian orbits with a small deviation caused by viscosity, we decompose the 4-velocity into two parts,
where is independent of viscosity and wa is a "" small ÏÏ U OE a contribution that vanishes in the limit l ] 0. In the momentum equations (6), we will take into account only terms up to Ðrst order in wa, and in addition the products lwa are considered as second-order terms. Consequently, the normalization condition leads to
Assuming l \ 0, the dynamic equations (6) reduce to
Thus, the gas in the disk plane moves essentially on geodesic orbits. The accretion disk solution corresponds to i.e., there is no radial inÑow without viscosity, and U OE r \ 0, we obtain
This is the relativistic Kepler velocity in the Kerr metric which has been calculated for stationary thin-disk models by Novikov & Thorne (1973) . It corresponds to a disk corotating with the black hole. The velocity solution (11) becomes singular at a radius where is the root of
(at the photon radius, photons are able to circle the r \ r p , black hole on closed orbits). Since is not the only singur p larity that appears in this problem, we will postpone the discussion of singular points to°4.
Next, we investigate the viscosity-dependent terms of the momentum balance equations (6). Neglecting second-order terms of wa compared to the "" large ÏÏ components (11) leads to
. (13) Here is the part of the shear expression (5) that is calcutü ab lated from the geodesic velocity solution (11). It contains only two nonzero components, and which are contü tr tü Õr, nected through the constraint (3),
Thus, to lowest order only the /-r component of the shear is responsible for the viscous-momentum transfer.
From the continuity equation (7), i.e.,
we see that the right-hand side of equation (13) is O(lwr), and from the left-hand side we deduce
whereas equation (12) leads to
Using these relations, an explicit calculation of the righthand side of equation (12) actually shows that no O(l2) terms appear in this expression, and therefore
The momentum equations (6) have now been solved in a perturbation sense where the dominant part (solution [11] ) of the velocity is time independent and the viscositydependent part wr is given in terms of the density &. Therefore, it is no longer possible to look for a solution of the full initial value problem (6), (7), (8) ; we rather have to reduce it to an initial value problem for the density alone, i.e., we are considering the solution of the continuity equation (15) with initial data
THE DENSITY EVOLUTION
From the lowest order terms in equation (12) together with the shear component (14) we obtain an expression for the mass Ñux F,
where
This together with the continuity equation (15) leads to a parabolic partial di †erential equation for the surface density,
with
As indicated in°2, the kinematic viscosity l is assumed to be a given function of the radial coordinate. In accretion disks the viscosity is usually assumed to be of turbulent origin, most likely in connection with magnetic Ðelds, and a standard turbulence prescription is the a-disk model where l P r3@2T (r) (see Frank et al. 1992 ). Thus, in order to specify the viscosity, the temperature proÐle T (r) must be given. In general, T (r) follows from a calculation of the energy transport, either radiative or convective, perpendicular to the disk plane. As a consequence, l could depend explicitly on &, and this would lead to a nonlinear evolution equation. Note that this case is not covered by the subsequent analytical investigations. A nonrelativistic evolution equation is obtained from the limits M ] 0 and a ] 0 (with a ¹ M),
This is the equation that has been solved by (1952) . Lu st For a constant viscosity (l \ const), the GreenÏs function can be expressed in terms of exponentials and Bessel functions, and thus the general initial value problem (23) can be solved. For the relativistic case the coefficients A(r), B(r), and C(r) are much too complicated to Ðnd a solution in terms of well-known mathematical functions. In order to proceed we separate &(t, r) as a product of a radial and a time-dependent factor
with a separation constant j. From that we get a secondorder di †erential equation for Y j ,
which has two linearly independent solutions The Y j
(1), Y j (2). radial variable r is originally restricted to the range [r H , O), i.e., from the horizon to inÐnity. However, the coefficients A(r), B(r), and C(r) have various zeros and poles which lead to singular points of the di †erential equation. A detailed analysis shows that there is one irregular singular point at
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The radius is the location of the last stable circular orbit. r c For all M and a (with a ¹ M), we have and both r c º r p , radii are equal only if a \ M. In the range O) the coeffi-(r c , cients A(r), B(r), and C(r) are positive and do not change signs. We will now investigate the solution of equation (24) for r ] O and in order to identify possible boundary r \ r c conditions. For large distances from the black hole, we can use asymptotic expressions for the coefficients (20) and (22) and the equation becomes exactly equation (23). Lu stÏs Hence, for a given j, r large, and l \ const, we have the two solutions
where and are Bessel functions. Both f \ j/J3l, J B1@4 functions go to zero at inÐnity for all real eigenvalues j, thus no boundary condition is obtained there. Next, we consider equation (21) in the vicinity of the singular point by r \ r c means of series expansions. From equations (20) and (22), the various coefficients can be expressed as power series in
where the quantities etc., depend on M and a (see the a 0 , b 0 , Appendix). Substituting this and the expansion for Y j ,
into equation (24) and equating coefficients of powers of x, we obtain two solutions that are independent for x [ 0,
and both are bounded at the singular point For r \ r c . x \ 0 the solution is nonzero but the "" Ñux ÏÏ Y j (1) vanishes, whereas it is the other way round Ad(lBY j (1))/dr for This corresponds to two di †erent physical bound-Y j (2). ary conditions at represents a solution with a r \ r c . Y j (1) rigid wall at so no mass can Ñow past this radius and the r c , density builds up in time, whereas for all mass crossing Y j (2) is removed immediately, thus dropping the density to r c zero. Note that the solutions (26) are independent only for x [ 0, but due to the singularity of A(r) the Wronskian vanishes for x ] 0. Using series (26) we can write the general solution of equation (24) as a linear combination,
where and are two arbitrary functions, and the ( 1 (j) ( 2 (j) surface density can be expressed as
Note that all terms that are explicitly given in the series (26) are independent of the eigenvalue : only the higher order terms depend on j. This has two important consequences. First, inserting the above series into the general solution (28) leads to a homogeneous condition at the radius of the last stable circular orbit
Second, the mass Ñux F \ r&wr from equation (19) remains Ðnite at and it is related to the change of the total r \ r c , disk mass between and inÐnity, r c
However, the condition (29) does not restrict the solution (27) ; it is actually valid for arbitrary and
cannot relate both functions and to the initial ( 1 ( 2 density distribution we have so far no means to solve & 0 , the initial value problem in a unique way, i.e., there is still a boundary condition missing. We will see in the next section that this condition is obtained from a matching process using the dynamic equations in the regime [r H , r c ].
THE INNER REGIME
In the region between and the horizon, the r \ r c dynamics cannot be calculated from the above equations because matter can fall into the black hole even without the e †ects of viscosity. Thus the assumption which was U OE r \ 0, the condition for the existence of a Keplerian disk, is no longer valid and we have to look for a di †erent type of gas Ñow in the inner regime. This Ñow has to match the outer solution at Again, we decompose the 4-velocity in a r \ r c . viscosity-independent part and a part wa that vanishes U OE a for l ] 0. We Ðrst try to match continuously to the outer U OE a solution (11). It then follows that has to be time indepen-U OE a dent and we need to solve the corresponding geodesic equations (10) for This can be done by using the fact that U OE r D 0. in the Kerr metric, geodesic orbits contain two constants of motion, i.e., the energy per unit mass and the E \ [U OE t speciÐc angular momentum These two constants L \ U OE Õ . can be obtained from the outer solution (11) at the last stable circular orbit r c ,
Thus, we get for the viscosity-independent part of the Ñow in the inner regime
Note that these expressions have already been calculated by Cunningham (1975) in a di †erent context. It actually turns out that at Next, we consider the equations U OE a ½ C1 r \ r c . for wa. Taking into account only Ðrst-order terms of wa, the momentum equations in the inner regime are given by
. (35) Note that equation (34) contains no term proportional to wr, in contrast to the relation (12) for the outer regime. This is a consequence of the geodesic Ñow (33), which has a constant angular momentum (L \ constant).
We will now show that the solution of equations (34) 
According to the estimates (16) and (17) for r ] r c , r [ r c , the velocity wÕ is second order, whereas LwÕ/Lt is a thirdorder term. Assuming that for reasons of continuity the order estimates (16) and (17) remain valid for r ] r c , r \ r c , only Ðrst-order terms will be taken into account in equations (34) and (35). Such terms appear on the right-hand sides and through the velocity wt which depends on wÕ, wr, i.e.,
Therefore, using the equation of continuity, we obtain from (35) the Ðrst-order equation
Next, we will expand all terms in this relation into powers of An explicit calculation leads to
Since, according to equation (30), the mass Ñux r&wr is bounded at and by assumption, the velocity r \ r c & c [ 0 wr must be bounded for x \ 0, and we obtain the expansion
Substituting all the above expansions into equation (36) leads to
. (37) This relation has no solution as long as Therefore, & c [ 0. this assumption cannot be valid, and we conclude & c \ 0. Then, the continuity equations leads to & \ 0 for and the equations (34) and (35) 
is the missing boundary & c \ 0 condition for the equations in the outer regime, and we are now in the position to complete this solution.
THE OUTER SOLUTION
From the above inner solution, we obtain the boundary condition that the density at is zero but, according to r \ r c equation (30) , the mass Ñux is not. This is exactly the property of the function of solution (26), and thus we have Y j
(2) to assume in the general solution (28) to fulÐll the ( 1 (j) \ 0 boundary condition. In order to solve the initial value problem for equation (24), we apply the methods known for the classical Sturm-Liouville equation. For two di †erent eigenvalues i and j, we obtain
Integrating this from to inÐnity, we get r c
For a constant viscosity, the quantity in the square brackets goes to zero as 1/r at inÐnity, and at we can insert r c Y j \ and obtain from solution (26)
Thus, equation (24) and the boundary condition form a self-adjoint problem, and consequently the functions Y j (2) are orthogonal with respect to the weight function lB(r)/ C(r),
and follows from the initial density distribution ( 2 (j)
which has to be used in expression (28) and therefore & ½ C1 at the last stable circular orbit. Since mass conservation requires a nonzero mass Ñux F, the radial drift velocity wr becomes inÐnite at the last stable circular orbit
This indicates that close to the basic model assumptions r c , have to be reconsidered, and we will discuss this point in°8.
In the following section, we present the numerical solution of the dynamic equation (21).
NUMERICAL RESULTS
The method of solution derived above is not well suited for numerical purposes since it would require the calculation of the function for a continuous spectrum of Y j (2) eigenvalues j. Therefore, we use an implicit Ðnite di †erence scheme which is second order in the spatial discretization and Ðrst order in time (see Press et al. 1992) . For the sake of simplicity, the viscosity is assumed to be constant, and we can absorb it in a newly deÐned, dimensionless time variable t6 ,
We also transform the radial variable r and the angular momentum a,
which eliminates the mass M from equation (21). For the initial conÐguration we choose a narrow ring with a Gaussian density distribution 
Special care has to be taken close to the last stable circular orbit since although & has zero slope there, the second derivative can be large depending on the mass Ñux cross-F c ing that radius The results of the numerical calculations are shown in Figures 1È3 . We consider two extreme cases for the angular momentum of the black hole, i.e., the Schwarzschild case where and a Kerr black hole with This is a6 \ 0 a6 \ 0.998. the maximum angular momentum the hole can achieve provided the e †ects of the disk radiation are taken into account (see Thorne 1974) . In addition to the dynamics of the density and the mass Ñux, we calculate the evolution of the disk mass (Fig. 3) . According to equation (30) P rc = rU OE t& dr , which can be split into an inÑowing and an outÑowing part :
Here R is the radius where the mass Ñux F changes sign, i.e., F \ 0 for and F [ 0 for r ½ (R, O) . r ½ [r c
, R) Figure 1 shows the time evolution of the surface density for an initial distribution centered around with r6 0 \ 30 width b \ 0.6. As long as the density is small in the vicinity of the last stable circular radius, the dynamics is very similar to the nonrelativistic case (see, for example, Frank et al. 1992) and almost independent of the angular momentum a6 . The density maximum of the gas ring moves toward the center of gravity at r \ 0, and at the same time some mass is moving outward, thus spreading the ring toward larger radii. Once the density builds up close to mass is lost r c , through that radius, in contrast to the nonrelativistic Ñow where no such radius exists. The dynamics changes drastically if the initial density distribution is shifted closer to r c . Figure 2 shows an example with and b \ 0.3. For r6 0 \ 12 the Schwarzschild case, the density maximum moves outward due to the boundary condition
In the
